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Exa@e’g.l Find the Laplace transform of () = 1, ¢ > 0.

Solution From the definition, we have

Enyi[eﬂh1m=[-f"] =1lsso
S 0 S

0

Ex ‘)148 2 Find the Laplace transform of f (t) =t t20.

Solution We have

[--] —st - oo
§£[t]=I e"”-tdt:[-es’-e:] =L2,s>0.
0 A 0 R

: s
Exiiylé3 Find the Laplace transform of f(£) = e®, ¢ > 0.

Solution We have

g[eﬂf] s J‘ e—sfe("dt - .[ e—(s_a)tdt i [_ e"(s—a)f oo - 1 o
| 0 0 S-a |, s-da '

\

Exapfple 8.4 Find the Laplace transform of £(f) = sinh r t>0

ti i i = (o _ 0t . . _ g
ution We write sinh wt = (e € )/2. Using the linearity principle, we obtain

$MMwﬂ=%f

0
[ ety - -
=%[‘esilt+"(”m)'] _L[_1
sto | 25T g -

2_(02! .

e™" (e — e~ gt = % J. [e-(s-) _ e~ (St gy
0

\/Eﬁ/()ﬂle 8.5 Find the Laplace transform of f(f) = cos at, ¢t = 0.
“Solution 'We write M: Re (¢) and . L.
We have

£ [e"] = L[cos at + i sinat] = £[cos at] + i L[sin at].

Now, from Example 8.3

Eg[eia[]: 1 s S+ia <
s — la s2+a2A

Therefore, comparing the real parts on both sides, we obtain

$lcos at] =

5% + a®



Exercise 8.1

Using the definition, find
/2:—5. \ A at*'+ bt + c.-
\}/ Sin (3t + 2). \/éos (at + b).
7. sinh® 1. 8. cosh®at.
| JO./312 — cos 2t.

11. €%
13. %', 14. tsint
- 16, e'cost. 17. € 'sint.
1 0<r<l,
’ = ’ 20.
el L {__1, £ 1,
2. 1) cost; 0=<i<m, -
: t) = .
0, 12 7.

Find the Laplace transform of the following functions.
23. (1+3). - 24.
25. 3t2-5¢%+ 6. 26.
27. sinh 2t + cosh 2z. 28.
29. e'cosht. 30.

fQ@).

3
31. T+ 5 | 32.
14
s
33. =7 34.
s+3
2B (s-D(s+2) 36.
.y A B
S+ 25
39, S2 +2s5+5

(s — D(s—2)(s-3)

the Laplace transform of the following functions.

/ 2 + 302

VG.’ sin? (w1).

. cos t—sin L.

12— e-21%3,
15. t cos 2t.
18. (cos t + sin £)%
2, Ols i 23,
t) =
1) 0, t23
A 0, DEI<R
f)=1. _
sin ¢, t2T.

6—e
sin 5t + cos 4t.
e’ sinh .

e'sin t.

In the following problems, the Laplace transform F(s) = &£ [ f'(,)] is given. Find the inverse Laplace trans form

T

s2 + 7t i

6

5

2.6 _5

R
38 13,

P

40. 5

(s+D(s+2)(s-3)"



Example 8.16 Find £7[1/{s(s* + 9)}].

Solution Let F(s) = 1/(s* + 9). Then f(¢) = $7[F(s)] = (sin 37)/3. Therefore, using Eq. (8.20) we
obtain ‘ ;

2-[LFe) .= J' " L gin 3pdr= - ["OS 3’}' = 1 - cos3n).
s y D 9 y 2

. . 1
Example 8.17 Find & l[-s—zm:l
Solution Let F(s) = 1/(s*> + 4). Then f(f) = £7'[F(s)] = (sin 2£)/2. Therefore, using Eq. (8.20) we

obtain ’

g [l F(s)] =2 ——1= J” 7 sin27de = --l[co§ 25!
' s s(s%2 +4) Jo 2 4 H

A=
—4[1 cos 2¢]

i1 A1 Rp e
and s I[E'Z—F(S)J = & l[m] = J‘o Z(l — COs 2T)dT
1 sin 27 ' 1 '
= Z[T— 5 :IO = §[2t — SIn 2[]

Alternately, we can write

¢ bl ) o) b
an 22 1) 458 = L =y 4t 23m2t



Example 8.22 Find the inverse Laplace transforms of the following functions.

3s -1 6+s
2 (b .
@) -2 ® T 6+ 13
Solution '
(a)wewrite' -1 3(s-2)+5_ 3 5

(s=2)2  (s-2)? "(s_—2)+(s—2)2'

oy,

Since &[t] = 1/s° we obtain

13 M TR |
* [S—2+(s—2)2J-§£1[§__2]+5$ 1[(5_2)2:,=332'+5te2’.

(b)Wewrite 6+s  _ 6+s . _(s+3)+3
5% + 65 + 13 (s+3)2 +4 s+3)° +4

— s+ 3 s 3 - |
(s+3)% +22  (s+3)% +272°

Therefore, £ s +3 + --3_ = =3t A T :
[(s+3)2 +27 T (s+3)% 422 | ¢ CosAH e sindt.



Exercise 8.2
Using the rormulas of Laplace transforms of derivatives find the Laplace transforms of the following functions.

1. cos®2t. 2. te”
3. tsinat. 4. tcos at.
5. ¢t sinh at.

Use Theorem 8.3 to find the following Laplace transforms.
6. Given that £[cos ar] = s/(s* + a?), find <L[sin ar].
7. Given that £[sin at] = a/(s* + a?), find £[cos ar].
Usiné the result in Remark 2, find the following inverse Laplace transforms.
8. Given that £7'[1/(s* + a®)] = (sin at)/a, find L'[s/(s* + a?)].
9. Given that L' [1/{(s + 1)(s + 2)}] = €' — ¢, find L~'[s/{(s + 1)(s + 2)}].
10. Find £7'[1/(4s* + 1)]. Hence, find £'[25/(4s% + 1)].
11. Find £7[1/{(s? + 1) (s> + 4)}]. Hence, find L-[s/{(s2+ 1)(s? + 4)}].
12. Find 7'[1/{(s = 1) (s* + 1)}]. Hence, find L7'[s/{(s — 1)(s* + 1)}].

Using Theorem 8.5, find the inverse Laplace transform of the following functions. - \
- 13, —1 14 16 , =2
s +5s 53 +9s ‘ s(s+3)
16 —1 17. R ig, S —al
53 + 52 s?2(s? + w?) ' s2(s? +a?)
19, 3 - 20, —L -

s2(s? +4)(s2 + 1) 54+ 353



Exercise 8.3

Find the Laplace transform of the following functions.

1. (P -2t-3)e. o2 et
‘(}f ¢! sin 5t. \/5/ e~ cos 3t.
7. 13 cosh 3¢ \J sinh 7 cos t.
10. cosh w? cos wt. (\JA/ sinh 7 sin .

Find the inverse Laplace transform of the following functions.

7
S 1 1
s2 465+ 15 . 52 45420
' o
6/t 8 \)7/ s__
. (s —1)2 (5 -2)3
; 2
3542 @ (s+ 17
(s +3)° 7 -2)*

3. (1 -2)%*
\/e"(cos t—sin t).
\)./ 12 sinh 1.

12. cosh wt sin wz.

-5
_ " 52 +45+8

./ﬁ 16 + 3s

52 —8s+20

@ 3s+5

s2+6s5+12°




pxample 8 32 Find the Laplace transforms of the following functions.

@isind,  (0) 7 cos 3, ©te™, (@12

Solution '
" (a) Since £ (sin 41) = 4/(s* + 16), we obtain -

dl__4 8s
Lltsindt] = e [Sz : 16} = T 167

(b) Since £(cos 37) = s/(s* + 9), we obtain

2_9
P[tcos3t] = zs [3219] = (SSZ v
-9 (s + 9)%(25) — (52 - 9)2(s* + 9)(2s)
21¢* cos 31] = - %[(;2 +9)? ]'— (s* +9)*

25(s2 +9) —4s(s2 =9) _ 2s(s* =27)
- (s2 +9)° TR +9)?

(¢) We have £[¢%] = 1/(s - 5). Hence

eire™) = - 4 s—5] (s-5)2
(d) We have LleH) = 1/(s + 2). Henc_e'

~S:8[t2e'?’]=(-1)2 [s+2] (s+2)3

E
Xample §,33 Find the inverse Laplace transfoim of the following functions

(a) 2(s + 1) . 1 (©) __1———
(s +25 4+ 2)2° (®) (—s:?)T (s* +9)?
Solution C
' 2s+1) __ 2s+D) =_i[_l___ =
(a) We have G +25 2)? = [(s + D2 + 17? ds| (s + D2 +1]|° hF'(s)_ ,

Hence, £7'[- F’(s)] = tf(¢) and

F@t) = SF(s)] = £ [(—Jﬁl)z—ﬂ] = e~ giny,

2s3 1) ] =te” ' sint

Therefore, $£!
(2 + 25 + 2)°

(b) We have

1 1d3[1]

(s +5)* =_3F s+5
and - -1 ﬁ 1 L
58 [dﬁ(: + 5)] Sl (using g,
Therefore, $-! i =L g5t
(s +5)4 6 i
(© Wewrite — 1 _(2+9)+©-
T T i = [
(S +9) - 18 32_'_9 (324_'_ 9)2

Therefore, -1 [—_l__ _1 . 1 2
(_5-2_,_9)2 18 gl('_‘—z J—-.Sf_l -Li.
s°+9 (s? +9)?



ample 8.37 Find the inverse Laplace transform of the following functions.

E
1
__.-- . d constants, (b) ————, g
@hsyd© ) s(s + 3)2 < (s -9)2°
Golution
(s) Denote G(s)=1In [(s + c)/(s + d)] Let F(s) = — d[G(s)]/ds.
= —— 1
Therefore, | F(s) I [ln (s+c)=-In(s+d)] = + e
\Ve note that ‘
o - - l I s*+d | s+c
F *ds*=— —G s*d*: — * =1 =1 ‘
-[9 (%) 'L ds (s%) ds s |:s*+d s*+c]ds [ns*+cl ns+a’

Now, f () = LUF(s)] = e - 7. Therefore,
- {u(355)] - 2| [ o] - L2 Jert -0

NS TR S RS RRNT ET L .
(b)LetG(s)—s(s+3)2 and F(s) = _dsG(’)' ds 9[s s+3 (s+3)2):|

A - 11 -6
I s (s+3) (s+3)7°]

SR ol R DS NI R
' J,F g )‘”*"L [EG‘S*)]"‘*‘ [s*(s*+3>2], s(s+3)7

Now,

e 10 = S = {'917[-17 T (s +13)2 s +63)3 H =gl = te™ - 3]

Thert:fore,
- 1 -3 -3t
1|1 | _ L s e =312 =<(1 —e™ = 3te™).
l:s(s+3)2] 9"( . 9

Thi
S Tesult could also have been obtained directly.

(c
) We shaj] use Remark 7 to find the inverse. We have

*‘ — 1= | -1 =
=12 [ ot a2 Hzcs*z =7 ]%5’“"‘[:2‘1\]
- s

t 1 1 o bopase 3ty = L g
12 [S—3_s+3] s T L



8.38 Engineering Mathematics

Find the Laplace transform of the following functions.
_AD. 1sin 2. 11. 2é* 12. 12 sinh 3;.

! t
13. te™* sin 3. | 14. ¢ J; e~**cos 37dT. 1S. 1 J; ™" sin 27y,

r
6. 12| e37dr
0

Find the inverse Laplace transform of the following functions.

1 1 8(s +2)
. . 18, ————. 19, ——— %7
/1’)/ (s +a)? - (s=-a)? (s? +4s5+8)2°
1 6s
e A T
(s -16) (5% +25+2)2

Find the solution of the following differential equations/initi i
quations/initial value problems usin
In problems 29 to 31, y'(0) is arbitrary. e B s ki

231y’ =2y=6. . 24. 1y’ -3y =21 :
25. y' =1y’ +4y=3, y(0)=0, ¥'(0) = 0. 26. " +41y' - 12y =0, y0), =0, ¥(0)=-2.
27. Y+ 61y’ =12y =1, y(0)=2, y(@)=0. 28. y”+ 6ty —30y =0, y(0)=0, y(0)=2
29. 1y + 41y’ +4y=8, y(0)=2. 30. 1y” +(61-2)y’ =6y =0, y(0)=1.
- 0y + (81-2)y-8y=0, y(0) =2.

Find the Laplace transform of the following functions.

320 (sinh o). 33. (1 -cos b1, o (72 sin 31)/t.
Find the inverse Laplace transform of the following functions.

! s 18 2 '

}8 Gt d) 36. _—(sz T )T 37, ln(s ;}-l)
o
=1 ‘ |

38. In ( s ) 39, In[Si+1

| s+ 1 In s(s+1) ) 40. cot ~'s.

41. %tan“(%). 4 tzmh-l(.ls-)'

4 (Riva an avamala 6~ L ____ .1



Write the following functions, whose graphs are

transforms.

29. Rectangular pulse (Fig. 8.9).

given, in terms of unit step functions and find their Lapla
ce

30. Undamped single square pulse (Fig. 8.10)

S
i . f@®4
| 1 a
i . 4
o L |
¢ b ot 0 7

Fig. 8.9. Problem 29,

—

i

Fig. 8.10. Problem 30.

34 Periodic function of period 2a.

Ki%
f(r)
1 f(’) 'y
E If oy e by
I | : | :
I ' | ; l
| R ! i | |
0 blem 31 0 a 2 3a 4a
.. 8.11. Problem 51. .
Fig. 811 Fig. 8.12. Problem 32.
33, Staircase function. .
n4
f 4r e
: 34,
3 I . r——! .
: | f0]
2r I ] |
I | |
b L
l - | I | A
| | 1 | |
| ] | |
| ] | |
.| 1 1 1 , o) l
0 1 2 3 4 5 . 0 " z ”

Fig. 8.13. Problem 33.

In each of the following problems,
35, (1= 1) ult).
37, (cos ) uy(1).
39. cos (1 - 3) us(0).

A R

A, ()= 0, 0<t<m/2
sint, t2mnl/2
2

6 f0)= 13, 0<1<1
0, 121

Ineach of the following problems, find the inverse Laplace

4, &7
s3

Fig. 8.14. Problem 34.

find the Laplace transform of the given functions.

36. (12 + Duy(1).
38. (sin 1) ug(1).

40. e*'uy(0).

- r, 051<3
1) =
o 0, 123

(k, 0<t<2
4. f(n=10, 2s51<4

k124

0, 0st<1
46. fy={t-1 1€1<2

0, 122

transform of the given functions.

—sni2
[ —

48. s+ 1



49. €7

- (142
2 . A e )
5< + 9 i s+5
—S57T 257 14 —sm/2
51. < < gg 20
5% — 85+ 25 s“+4

Find the Laplace transforms of the following functions which are defined graphically.
2. Square wave with period 2a, as given in Fig. 8.26.

10i0)
k I i i i 1
I I I I I
| | I I I
I I I I I
1 | | 1 | >t
0 al 2la 3Ia 4;0 Sla
| | g = b 1
I I | I I
Fig. 8.26. Problem 2.
3. Square wave with period 2a, as given in Fig. 8.27. >
fo}
1 I I ] I I
I | | I I
I | | L3t das
1 1 1 I | > ¢
0 a 2a 3a 4a 5S5a 6Ga

Fig. 8.27. Problem 3.

Find the Laplace transforms of the periodic functions which are defined in one period as the follow;

6. f()=kt, 0<t<2m ka constant. 7. f)=1t% 0<t<2rm
[ 1, O<t<nz
t, 0<t<a 0, T<t<2xw
8. f(1)= 9. f(t)=;
0, a<t<2a. -1, 2r<t<3xm
| 0, 3nm<t<dnm.




Find the following convolutions.

46. 1% &, 47, 1% e, 48. ¢ * e’ (a # b).

49. sin wt * sin wt.

In the following problems use the convolution theorem to find the inverse Laplace transform.

50, — L i, A : KAl )
(s—a)(s-b) ks s2(s? +16) ps B (s2+9)%
h)
53' — 54- S 3
RS (s +4)(s? 49y 55. ——2

(s+D2(s+2)



22. Assume that the function S(¢) satisfies the conditions of Theorem 8.5. Then, show that

' 1 1 [ |
EBU f(T)dT] =5 F(s) - 3 I f(T)dr, a >0, where L[ F()] = F(s).
a 0

Solve the following initial value problems.

.,23. Y+3y=1,y0)=1. 24. y—4y=1y0)=-1.
25. y'+2y=sint, y(0) = 1. ~ - v 26. '+ 3y = cos 1, y(0) = 0.
27. ¥ =2y =1+1 y0)=2. , 28. Y +y=1y(0)=1,(0)=0.
29. Y +3y +2y=3,y0)=1,y(0) = 1. 30. y” +.5y + 4y = €%, y(0) = 0, y'(0) = 3.

31. y' -6y +5y=¢* y0)=1,y(0)=-1. 32. 4y” -8y +3y=sint, y (0) =0, y'(0) = 2.

!

33. 2y -y —y=cos t,y(0)=1,y(0)=0. 34. y'—4y+3 J. y(t)dt=1,y(0) = 1.
0.

/ L ,
35.° y'+ 6y + 5[ Y(T)dT=1+1¢,y70) = 1. 3/6,. y’—y—6f y(1)dt=sinr, y(0) = 2.
0 0



Use the Laplace transforms to solve the following initial value problems.

,/"22. Y+y=1l+te,y0)=1. 23. y”+ 6y + 9y = 8te¥, y(0) = 0, y'(0) = - 1.

.y + 8y 4 16y =17, y(0) = 1, )(0)=2.  25. y"+ 6y’ + 13y ="', y (0) = 0, ¥'(0) = 4.

26. y" +y=¢'sint, y(0) =0, y’(0) = 0. 27. y"+2y +5y=1+1y0) =4, y(0) =-3.

28. 12y —24y" + 9y = 21, y(0) = 0, y'(0) = 3.

7
-

Find the solution of the following differential equations/initial value problems using Laplace trangf,
; g,

In problems 29 to 31, y’(0) is arbitrary. ‘ |
23 1y'=2y=6. 24. ry’ -3y =2z
25. y"—=1y"+4y=3, y(0)=0, y(0)=0. 26. y” +4ty’ =12y =0, y(0), =0, Y(0)=—3
27. y"+61y'=12y=1, y0)=2, y(0)=0. 28. y”"+61y"=30y=0, y(0)=0, y(0)=2
29. 1y +41y'+4y=8, y(0)=2. 30. ty”+ (6t-2)y'-6y=0, y0)=1. |
/}I./ly" + (81 -2)y’—8y =0, y(0)=2. | ]’



Solve the following initial value problems.

53, v _ , 0=<r<«l
- y+)-f(’)-}’(0)—3- f(t)—' —l. ’21‘
54 v+ 3 - t, 0<r<1
« Y A3y =f0, 0 =2, f2) = 0 12i
55 e 0)=1 o 0=r<2
o + = L =1, =
Y+ 2y = f(1), y(0) f(@) 3. = giea
t !
56. y’+4y+4f YT)dr=u (1), y0)=3. 57. y'+Ty+12 f y(T)dT= tuy(r), y(0) = 1.
0 0
3
58. y’+4f y(T)dT=1tu (1), y(0) = 2.
0
0, 0<r<l1
59, Y +dy=f0),y0) =1,y (0)=0, f(1)=1{1, 1<r<2
0, 22
60. y” -3y + 2y = uy(r), y(0) =1,y(0) = 1. 61. y” + §y’ + 6y =1 = us(t) — us(r), y(0) = 0, ¥'(0)=0.
i -1, 0<r<3
62. y” + 4y + 3y =f(1), y(0) = 0, y'(0) = 1, f(t)={ 5 i

63. The integro-differential equation governing the flow of current i (f) in an RC - circuit (Fig. 8.15) is given
by (where the resistance R and capacitance C are constants)

r

Ri(t) + Zl" f i(t)dr = E(1).
0

If initially at # = O there is no current and E(1) = [y () = uy(n)], v constant, find the current i(?).

64. The differential equation governing the flow of current i(f) in an LR series circuit (Fig. 8.16) is given by
(where the inductance L and resistance R are constants)

R L

ICL R 4—/J

Sl AA—

Fig. 8.16. LR series circuit.

Fig. 8.15. RC series circuit,

" di | pi=E(1).
dt
Find the current i(1) if the current is initially zero and E(t) = {0' SRS,
% 12l
¢s. Solve for the current in the circuit of problem 64, if the current is initially zero and

sint, 0<t<m2,
EMD=1 0o  t>zm



Solve the following initial value prob

1, 0<t<nr

/ — 1) =
14. y" + 4y +5y= f(), »0)=0, Y(©0)=0, and f(1) {-1, nL1<2nm.

15.

16.

17.

18.

19.

20.

yH+9y=fULy®)F1gV®)=0amlfU)=-[

Y+ 6/ +10y=£ (1), y0)=0, y(0)=1and f(1)= {

" t’
Y+ 4y 43y =7, y©=0, y(0)=0and f<f>={

sin 7, OSt<n

Y +4y=f@), y0)=0, y(©)=0and f()= {o, n<t<2m.

cost, 0<t<=xz
0, T<t<27 .

1, O0<i<=x

0, =n<r<2nm.

Y'+3y +2y=f@), y0)=0, yO)=1and f()=1, 0<1<a.

O<t<nm

p—t; ~ELESIAW. -

| <
Y'+y=f@, y(@©)=0, Y(0) = 0 and f(t)={0’ Deixzm

sint, mw<it<2m.

Jems where f () is a periodic function and is defined i, One pey
. 0

d




s 2, fO)=1, f()=-2sinds F(s)=(52+82)/[s(s2,+ 16)].
(1) = cos” 2L, =1, . . . : |
; ffg;—:)' f0)=0, f)=af)+e"; Fs)=1/(s-a)

"‘. in @ = 0: f’(O) = 0! f f I 2a I 2 5.2 l 5

0)=0, fO)=1, f'=-d"()-2asinar, F(s) = (2 _ N 4 g
! C'O;at; j;’((O)—: 0 f©@ =0, f”=a(t)+2acoshat; F(s) = ZQSI(S_Z -4
2. :;:; j ::(j;nala ,f(O) =1, f'=-asinat. T. f()=sinal, f(0)= 0, f'=q €08 g,

") = (e = &2ty = 2o~ ~
8. f'(t) = [(sin af)/a]’ = cos at. 9. fi()=(e"—e%) e-e
10. £'[1/@s? + 1)] = [sin (12)]/2 = f@; f@®=[cos (/2))/4.

’ - I
. $ (2+1)1(32_+4)]=%[sin,-%sinzr]=f(:)-, J/(1) = 5 [eos 1 - cos 1)
A}

: ; 1 .
12, - oo I)(1s2 " 1)} = % [e! =cost - sint]; (1) = 03 le' +sin ¢ - cos t].

13, Write as F(s)/s where F(s) = 1/(s + A (1—¢

5.
14. Write as F(s)

Is where F(s) = 16/(s® + 9);  16(1 = cos 31)/9.

F
15. Write a5 1 S I (s)

=1_F@) =2 _ln o
STID - whereF(s)—-s_'_l, (2 = 5e-3),

W=

16. Write as

Ca [—

%F(s)] where F(s)= 1/(s 4 1y, 44 ot -1

17. Write a5 1 lF(ar):| Where F(s)=-—~aL_; L(mz—sin wt).
sLs P+ 02 2

a 1 ¢ 1
——— — ; — -—
5% + g2 P ey + a2 }] Py [Sin ar - ¢qq at +’ 1] P

19. Write o5 L l{ 1 1
R)

i
18. Write a5 1 %{ §

TSI e 1
5% 41 s2+4}]’ 4"Smf+§sm2:.
20, Writeasﬂl{l_ 1 }]

21,

22, Wrilc'[ f(T)d'Z'=

& 0
23- Y(S) - ..l; +

: | 1
24, Y(.s)-.---._~____ 15



- 30,

Laplace Transformation
s 2 6
()= — "=, ot + —_— "
25, }(5) 5(s2 + 1) 5(32 % 1) 5(S+2)' )’(t) = -%cosH%sinH %8'2"
= Y 3s + 5
2. Y= 10(Sf3? 10(s+1)  10(s2 % 1y YO E "ﬁe 4 Sy cost+ 110 sin 1.
___.1_1__:-_-3___ _ 11 3
2. YOI =4(5-2) 4s 257 y(t)-TeZ‘_z-%'
__—s-— —1—-—; (t)" . /-I‘,-
28 YO =27 52 241 y(t) =cost+1t-sint.. 9
__3_-:_.__..—'— _; ‘1 ",
29, Y(S)— M’ y(t)—z"i'ez'.
YO =G+ 1) 21(s+4) 28(s 3y y(t)——e ‘_T’).Te ‘"+%e3'.
—_ 1 _ 5 7 ' _1 5 5 1 9
3 Y(s)= 3(s-2) 12(s—5)+ A1) }’(’,)—'Ze'—-ﬁe’—ge L
- 8s _ 1 11 27
2. Y(s) 65(s* + 1) 65(s2+1) 5(3—1/2) 13(s - 3/2)
y(t)=-6§5-cost -61—Ssmt ]51 e + %;] 32
3s 1 1 8
. Y(s)=- - + + ,
B ¥(s) 10(s2 ¥ 10(s2+1) 2(s-1 35@s+1)
(r)-— cost 110 sint+-;—e’+%e"’2.
__1_ 5 - 1 =l_t §_ 3t
3. Y(s)—3s+3(s—3) —T y(1) 3¢ tze
____1___ 1 21 =l___1_ -r+_2_1_ =5t
B YO =536+ T 06+ yn=g-7¢ T3¢
s 1 63 22
36- —_ - -_— + T y
YO =-%aT+n 02+ 1) 30(s-3)  25(5+2)
_ 1 1 63 Pt 22 o2
)’(I)—--gﬁcost i sint + == 5 ¢+ 55
3. ¥ (5)= - - —S 7 __ (t)=-£-—c032t+lsin2t,
S T B aa W a8 8
Yy(s)=— D g — 1S 4 I yz(t)=—§-+%cos2t+25in2t.
TAs T 452 +4) sP+4 4
8. ¥(s)= =2 _ 3 w9 y(f)=1+sin3r—4cos3t,
L3 ST40 5249 s(s2+9) 4 |
Yy (s) = =< E 1) = cos 31 + 3 sin 3t.
sz+9+sz+9’y2()
39. yZ(s)= 9

+
32+9 s2+9

,y2(1) = cos 3t + 3 sin 31.

8.63



8.64  Engineering Mathematics

2 ___s 1 y2(t) =2sint-coss 4 1.
Yz(s)=s2+l s24+1 s

2 4 c - 12'
40- }’I(‘T)=s3(l+52) S(1+s2) 1+s

N = 2(t%2 + cos t - 1) +2(1 - cos #) - sin £= "= sif £
’l =

L, s 12,yz(t)=(t—sint)-?-cost+sjn,
sP(1+52) 14452 I+

his)=

=t*°°sa

Exercise 8.3

2 2 __3 2, 120
(.\‘—2)3_(.?—2)2 §-2 (s+4)¢
5
2 S 4, -
3. m-m*‘(s_@ 5% - 25426
S+3 6. — 5 s
5. m 5% Fe +2
In Problems 7 ¢ 12 write sinh at, cosh at in termg of €Xponentia] functjons
7 6(s* + 5452 + 81). 8. i‘l
Y . st +4
2352+ s3
L ; 10.
? (s? =13 s + 404
B @(s? +202)
11, = 12.
st 44 5% + 403
13. (e sin 8 1)/4g. 14. (e sin 454,
IS. (cos 2¢ - gip; 21) g2 16, (54 e,

17. (1 + Ayeu.

18. (3 cos 2; + 14 sin 2/) 4.
19. (6¢ - 7P) 73y

20. (21462, 383) 2,
21. (343 cos /3 _ 4 sin \/3!)6‘3’/1/5. 22
23. [(16 - 851) 3 4 (40 _ 16) e2/195.
25. e + (15 sin o _ c0s 21) ¢=31y7g
27. [6 + 10y + (17 sin 2; + 194 ¢og 2 e~'1/50.
28. [16 + 6 4 {182 sinp (t/2) -
29. f(y= (D) = uy (1), (eas _ ebsyg
3L £ = fuo(t) = w1,
32, S = u,(0) - Uru(t) + Uz, (t) - Ugo(D) + . -
33, ((25) sinh (s/2)).
35, 22 4 45 35%)/s3.
37. (s cos | - sin 1)/(s? 4 1).

- 1+ e e’ + 2te’]/4.
24. (6 4 36, £)/6.

e Y25 cosh (as/2)].
M. el - gy 2
36. 2¢77( 4 4 + s2)/s3,
38. —€ (5% 4 1),

26. [(2 cos ¢ 4 Sin £) + e* (sin ¢ - 2 cos 1.




V

Laplace Transformation  8.65

». se”’/(Sz‘* 1). ' 40. (s 4 1),

4, 50- 267 2. [1- (1 + 3552

o Se—mﬂ/(sz +1)- i M. K1 -+ s

5 2-CF 25 + S 46. [e~ - (1 + 9))is2.

1. (@ €= 1)2/2. 48. —cos 1 ugy(f).

49, —c0s 3! t(0)- 50. " [ug (1) +2€5%uz (1) + €% U, (1]
g, e sindtle () + € a3 52 cos 2 Lo ) - el

53.
54.
55.
56.
57,
58.
59.
60.
61
62.
63.
64.
65.

(1+ 26 "ug(t) = 2[1- e DLy 0).

(@r-1+19¢7) u@ + (1 =3+ 2¢7 Dy ()19,

[(1+€7) uol) = (1 - e 22) ()2,

3 - 61e=2) ug(t) + (¢ = 1) 2D (p).

(4™ = 3¢ ug(t) + (t) (1 +20 e-D _ 21 D12,

2 cos 2t u(t) + [1 - cos 20 -1)+2sin 2 (t - 1)] uy (/4.

ugft) cos 21 + [{1 —cos 2(1 = D)} () = {1 = cos 2(t = 2)} uy(nV/4.
eug() + [1- 26D 4 2Dy, (1)/2. ’
(1/6) [1 +2¢™ = 3¢ Jug(t) - (1/6) [1 + 2¢-30-3) _ 3620-3] (1) — (1/6) [1 + 267 - 3¢~20-9] us(f).
(13) B¢~ = 2¢7>= 1) ug(0) + (1/6)[2 + ¢™30-3) _ 3 0=3] yy ().
@/R) [P Duy(0) - e P2 ()], p = U(RC).

G5IR) [1 - P2 uy(), p=RIL.

Ke?" = cos ¢ + p sin 1] ug(t) - k[p sin 1 —cos 1 = pe PP ug(1).

p=RILand k=1L + pO).

Exercise 8.4

L

0. 2, U2. 32 4. 23 sin (1 - 3) us(0).

5. [sin4 (1-2) uy(n4. - ' &

6.
7.
8.
9.
11.
13,
15,
17.
19,
21,

26 sin 3(1 — 2) uy(r) — e sin 3(¢ = 3) 18-
[4 sin 31)/3.

8¢72-D gin 2(1 — 1) uy () + 4722 sin 2(1 = 2) ua(0)-
10. 4si(s*+ 4%

2 cos 2t + 4 sin 2 (1 — 7/6) Uzs(®)-
12. 18(s% + /(s> - 9.

2/(s- 3)%. |
6(s + 4)/(s2 + 8s + 25)°. 14, 2(s° + 3s*+8s + 13)/[s2s? + 4s + 13)°].
23352 + s + 5)/[s¥(s? + 25 + 5))- 16. 2(3s* + 155+ 2‘5)l[s3(s +5P1

R _18. P2

2te™ sin 21. 20. (sin 4t — 4t cos 41)/128.

(3¢ sinh 4)/4.



Mul/u’nmnc.s'

q T expression as
Jnginecrins 9. Write the given P

$.00 -1 cos 1)/
' inl—(""si"r—" ) (s+ 1) -1 J
e S -—7 |
* 6(s+ 1) 'l‘["l—;’r' ((s+ D" +1)
I\ - y .
[_,;-—l-)—r:ﬁi‘ 2| (s+ 24, -1+ (c’l6), ¢ arbltrary ConStam
(s+ 1 . |

", t' . .
¢ arbitrary constan 26. -2 (3t + 48)/3.

1412),
st 28. 2(5¢ + 208 + 125)/5.

15. (()’2 - }‘)/4.

7 @O s
g ' constant,
s 2t (1 + 31+ (1 +30) ¢ ¥Y/108, ¢ arbitrary
6ty o[-
30. (1+3ne

~81/256, ¢ arbitrary constant.
31

g _1+4t+(1+4ne€
C2(1+4n et el NErea
ol 33. In| —|.
32 %m(;j)- '

S
34, cot'[(s + 2)3).
36. (sin 3/ - 31 cos 31)/3.
38. —(2 sinh 1)/1.

35. 1(1- 20e™*,
37. 2(1 - cos /1.
39. (1+e'=2 cos pir.

r .
Sin T
. dt
40. (sint ). ' 41 fo T
_ cos ¢, (mi2)<t< b4
42. (sinh 1. 3. f(n) = 0, otherwise,
46. (1 -2, 47. (" -1 - at)/a?
48. (" - )(a - b). 49. [sin wr - wr cos wtl/w).
S0. (e" - e")(a - p), SL. (4t - sin 4r)/64.
S2. (sin 31 = 3¢ cos 31)/54, 53. (¢ sin 21)/4.
54.

(cos 21 - cos 315, 35 6 [(t-1)e 4 e,
S56. (60 1 sin ¢ - 8cost+8 cos 41)/225. |

57. [(2 + (@~ b)) et _ {2-(a-
In Problems 58 to 70, use con i
58. (15sin4
(¢ sin 4y, 9. (t=2)et 4 92
60. (31 + 2)e™ 5 (t=2)e o
6l. [2¢) cosh wr 4 4

Sinh g 4 sinh
62 [(34 ~ 77y o1 01)/2w),

64 Ilcost-u-:) sin £)/2, 6. Usint 4 Cosr—1] e,
66. [3¢" 4 e 4 o1y 05. [-6+ 74 Ge'/49.

ol ! 67, [2¢' <4 _
8. 20, "2!'()9(ﬁ1/2)+(l/ 3) sin !



Laplace Transformation  8.67

E,\'crcis“-s’s

1. T=2nlo.
k,0<t<a -

2 JO= _ka<t<2d = 2® F(S)=%tanh(%).

 (1,0<t<a

3. f0=10,a<1<2 T=2a, F(s)=—1__
b} a S(l-’-e—‘u).
sint,0<t<x@

4. f(l)={ O,n<r<27z’T=2”’F(s)= 1

10.

12.

14

15.

16.

17,

(s2+1)(1=-e ™y

sin t, 0,< t < 7t/w o it
= . =il co
FO=1sin ot, tlo<t<2nlw’ T= — F(s)= s25-n;§2w)]'

2kme™2"s
s(1 - e—27rs )’

-—ki- - 7 2 _An(ms+ e
$ s3 s2(] - e—21!.\') |

-as -as
(1 =e )_ase s 1 _e_ﬂs_e‘2ﬂs+e—3ﬂs

- ) | _ 1-e™
52 (1-e s ) 9. s(1 - e—4m) ' = s(1 + e—an)'
e~® —(as+ 1)e2% R
s2 (1 - e—Za.\') 11. —Z—-L:—
s°(1+e™)

e~ + e—2as - 26_3‘”
s(1 - e3%)

e~ (1+2e%)
s(1+ e % + g7205)

-7ns/2 2
13. l+ 2o § .
s 52 -e ™) |\ 1+

_ i N
o) = Ser2r +1][1+e"“ }1]—s[(s+2)2 g% R e
1 1.5 B [ I 1 2y =1n_
¢ l:s{(s+2)2 +l}i|~ J-O e“!'sintdt = 5[1 - € (2sint+cost)] = 5 [1-g)]

y(t) = %[1 -8 u(®) - %— 1 —-g(t-m)us (1) + %[1 -;g(t—2ryn.)]u2,,(t) e

e ™ e 4]

o
Y =
B = Finer+ 8

(2 sin ¢ - sin 21).

-

(1) = g(8) ug(t) + gt — ) ux(t) + gt = 270) Upn(t) + . . ., Where g(1) =

Y(s) = SZS.;. 9" (s2 +9)(s? :l)(l “e ) szs+9 ¥ (s? +9)s(s2 +1) %
Y(t) = (cos 31) uglt) + g(t)uo(r) + g(t = M) ux(t) + 8t = 27) Upr(t) + - - .

where g(f) = (cos ¢ — cos 31)/8. Since g(r - n) = - g(0), gt - 2m) = g(1), etc.
we have y (£) = cos 3t ug(f) + g(1) [uo(t) = uy(t) + Ugn(t) = Uza(®) + . . J

Y(s) = ! 1 .
: 52 + 65+ 10 ¥ s(s? +6s+10)(1 +e™™)

= 1 ]

= (1 —e ™ 4+ e—2ﬂ.\‘ - .)
s2 4+ 654+ 10  s(s? + 65+ 10)

+e™ 4 e 4,



.03 anim'c'rmg I\'larhcmam-.\‘
8 )[ 0( ) é un(t) + C’GRM

)t "Zn(t) Ly ¥
2x(1) +

]

1 -—
W) = o sint wol * 70 (") g
A3 sint cos H10:

where 80 ="~
ae—ﬂ!
-as )

s 1
13‘}(5)’WL5 s(1-€

(1 1
y(0 = g (N () =8 L{i + g (- a)}ua(t) + {-2- +g, (- za)},,za B+ J

’_L__

19. Y(s)=—F 1 1-e"
st(s+ 1)(s +3) L1+ o™

_|_4 4
y(1) \ 9+g(r)] llo(f)—2{{—-§'+ g(z_n)}u,,(;)_ .
9 g(t - 27:)}“2’: (t)-}- J

1 1e-‘——1—-e"3f.

e"ﬂs

st + DI(1-€™)

20. Y(S) = -

)r([) = -
gt - ) ug(f) + g1 =2m) upe (M) +...; g = . (
: = %5 tcost—sin ).



